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Let (M, g) and (M~ g') be complete Riemannian manifolds, and u : (M, g) - (MI g') a Ci-map from Mto 
M'. For a relatively compact domain D C M. we define the energy ED(u) of u over D by 





where Id.ui is the Hilbert-Schmidt norm of the differential d,u : T..M - T,,~ M' of u at x e M, and dvg 
denotes the volume measure of (M, g). We call u a hannonic map if it is a critical point of ED, considered as a 
functionai defined on C2(M. M~, the space of C2-maps from M to M', for all variations with compact support 
for any D. In other words, u is a harmonic map if and only if it satisfies the Euler-La_"*range equation for the energy 
functional ED, that is 
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where {e,}~=, is an orthonorrnal frame field of M, V is the Levi-Civita connection on the tangent bundle TM of 
M, and V~' is the induced connection on the pull-back bundle u~1 TM' of the tang-ent bundle TM' of M' by u. 
Geometrically. (u) defines a section of u~! TM'. caHed the tension field of u. It should be remarked that any 
C~ harmonic map u is smooth, since (u) = O is in fact a system of semrlinear eliiptic partial differential 
equations of second order. 
In the case that Riemannian manifolds (M, g) and (M~ g') are both compact without boundaries, there are 
several effective methods to prove the existence of harmonic maps. For example. in 1964. Eeils and Sampson 
developed a remarkable method of constructin*"_ harmonic maps, which is the so-called heat f[ow method for 
harmonic map equations. Making use of this method, they proved that if the tar_".et manifold (M', g') has 
nonpositive sectional curvature everywhere. then there exists an energy minimizing harmonic map in each homotopy 
class of smooth maps from (M, g) to (M', g'). However. when (M, g) and (M~ g') are noncompact. complete 
Riemannian manifolds, since the energy E~l(u) of u, over M is infinite in general. there has been no general 
theory for proving the existence of hamlonic maps between thes_e !nanifoids. 
The principai objective of this thesis is to presem several effective methods of constructin_~* harmonic maps 
between most typical examples of noncompact, complete Riemannian manifolds, that is. the so-called Hadamard 
manifolds, which are simply connected, connected. complete Riemannian manifolds of nonpositive sectional 
cur¥'ature. 
Principal resuhs of the thes_ is may be summarized as foliows. 
,,, 
Let (M, g) be a warped product manifold of the half line I0,00) and the standard uni~ sphere S with the 
warpin_"* function f=f(t) (t e [O. oo)). that is. 
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Note that if f(t) = sinh t. then (M, g) is isomet~~ic to the (m+1)-dimensional real hyperbolic space RH , which 
is a simple, but important example of Hadamard manifolds. For given two wallf)ed product manlfolds, we define a 
map u by 
u : ([O, 0~)) x Sm,dt2 + f(t)2gs-) ~~ (t, e) 
- (r(t) ~(a)) e ([O 0~)) x S", dr2 + h(r)2gs-)' 
,7 
which is called an equivariant map. Then an equivariant map u is harmonic if and only if ~ : S"2 - S is an 
ei_*"enmap. that is, q) is a harrnonic map with the constant energy density, and r = r(t) satisfies the following* 
ordinary differe-ntial equation on [O, oo) : 
r(t) +m f(t)~(t) kL2h(r(t))h'(r(t)) _ O 
f(t) ~ f(t)2 ~ ' 
where e(q)) = ,'/~/2 denote-s' the energy density function of (p. 
Similarly. we can define the notion of a join map, which was ori_*('inally introduced by Smith for standard unit 
'n+n-1 
spheres, to the cas'e of real hyperbolic spaces as follows. First note that for any point z e RH , there exis't x e 
n~ 1 f! l m l RH ~ y e S ~ and t E [O oo) such that z - ( (cosh t)x (sinh t)y) Let u ' RH ~ - RHl'~1 and v ' Sn-1 _ S . , _ . , . . * . (/-l
be eigenmtips. and r : [O,co) - I0,00) a smooth function. Then the join map u~=v of u, v and r is defined to be 
n7 +n - l u=~v : RH ~ ( (L;-osh t)x. (sinh t)y ) - ( (cosh r(t))u(x), (.sinll r(t))u(y) ) e RHP+q-l 
Then the join map u~=v is a hanTlonic map if and only if the function r = r(t) satisfies the following* ordinary 
differentia] equation on [0,00) : 
sinh t cosh t 2 2 ! { } f cosh t + m sinht co~~h2 t + sinh2 t Sinh r(t) co~~hr(t) = O, fl f(t) r(t) + Ip 
where e(u) = f!~l-~ and e(v) = ,~ /2 denote the energy density functions of u and v, respective!y. 
As a consequence, if one solves the above ordinary differential equations and construct reievant eigenmaps. then 
one obiains a variety of new harmonic maps between, for example, real hyperbolic spaces. 
ThuS We first investigate general ordinary differential equations defined on [0.00). which stem from the study of 
ecluivari,,Int harmonic maps, anci prove the existence of their global solutions. In order to prove the short-time 
 existence of solutions. we ei･,,aborate a method originaily due to Baird. and gi¥'e a complete proof of the short-time 
exis'tence under some appropriate cond_ itions' on the coefficient functions of lhese ordianry differential equations, 
Then, ir the ~rowth rate of the coefficient functions is s'ufficiently rapid toward the infinity, we prove that there 
exis ts a ~lobal solution. We also show that these g*lobal solutions are strictly monotone increa~.'ing. and for Liny 
nonnegalive numbel~ l. which may be oo. we can construct a solution converging to I as the parameter t tends to 
oo. Moreover. we investigiite the finlte-time blow-up solutions_, and prove that for any positive number T. we can 










Our next goal is to pres'ent a method of conslructing a we~tlth of eigenmaps. in facl. we prove a f'ormula for 
constructing a new eigemTlap from a pair of old eigenmaps . Applying this folTnLlla inductively. we obtain eigenmaps 
for various pairs of standard unit spheres. Combinin_(J* these eigenmaps with solutions of the ordinary differential 
equations mentioned above, we c.an obta.in new harmonic maps bet~ve.e.n reai hyperbo]ic spaces. In partlcular, we 
,'' 
prove that the_re exists a family of harmonic maps from the m-dimensional real hyperbolic space RH onto itself for 
m ~; 3. whlch is parametrized by Z. 
For generai Hadamard manifolds (M, g) and (M~ g'), one can consider the Eberlein-O'Neill compactificalions 
M and M'of M and M', respectively. by addin_"* their ideal boundaries. which are b), definition the spheres al 
infinity given by the asymptotic classes of geodesic rays. Then one can set up the Dirichlet problem al infinily for 
harmonic maps. which consists, for a given boundar)' map f : aM - al~r'. oi' findin*',_' a hannonic map u : M -
M' which assumes the boundary value fcontinuousl),. 
The first progress to this problem was accomplished b), Li-TLlm and Akutagawa around the early 1 990' s for the 
cas e of real hyperbolic spaces. which are Inost typical examples of Hadamard manit'olds. Fn 1994. Donnelly 
extended their resl_llts to the case of rar]k one symmetric spaces of noncompact type. Since all of the m,anifolds 
investigated so far are symmetric spaces and have strictly ne*o*ative sectional curvature. the following question arises 
naturally: For nonsymmetric or nonpositi¥'ely curved manif'old~. can one solve the Dirichlet problem at infinity for 
harmonic maps'? As an answer to this question. we consider the Diric.hlet problem for harmonic maps between 
Damek-Ricci spaces. which may be regarded as a generalization of rank one ~, ymmetric ~. paces o. f noncompact type. 
We first introduce the unbounded model of Damek-Ricci spaces~. and then studv thelr relevant geometrlc 
properties. It should be remarked that Damek-Ricci spaces ha¥'e nonpo~.;itive sectional curvature Ltnd are not 
symmetric spaces in general. Moreover nonsymmetric Damek-Ricci spaces admit vanishing ~ectional cur¥'atures for 
certain 2-planes. Since each Damek-Ricci space is a Hadamaird m',)nifold. ¥ly'e can consider their Eberlein-O' Neill 
compactifications. and then generalize Donnelly h- exi~.tence and uniqueness T'esults to the case oi~ D~]mek-Riccl 
spaces. Namely. Iet (M, g) and (M', g') be Dame.k-Ricci ~.~p~lces. Then for a suitable houndLiry m2ip f: aM ~ a 
M' ¥ve can uniquely extend it as a harmonic map u : M -> M'. ThLis the geometric condition~ ~uch a~, bein" 
symmetric as vvell tl_s strict negativity ot' section:ll cur¥'ature ~ire proved to be not e~,'~entiiil. ilnd it i~ worthwhile 
studying the problem for more general Hadnmard manit'old~. 
We ~.'hall also prove 2~ non-existence res ult for pro~er hi~rmL)nic maph, fro_m comple.x hyperb()lic ~pace~ ro real 
hyperbolic spac-es. To be precise. Iet B"' and l)" he the bLlll model~, ot' the m-dimen~ional comple¥ hyperbolic 
~pace and the n-dimensional real hyperbolic ~, pitce. re~,'pecti¥'el),' Fo_ r the~e manii~old~, _ Eberlein-O' Neill 
,,, ,, ,,, 
compLlctiflcations of B Llnd I) coincide with lheir ~opoio:*_'ictll c!osure H Llnd H~ Ic~pectl~t:l¥ Thu~ ¥~e cln 
define natural dit'f'erentiahle slructuT'e~. on ho_ th {~"' Llnd ~~" Ll~ ~mooth mf,Init'old~. ¥;vith h(~u~ld{].rie~, emhedded in lhe 
m-dimensionii] co_ mplex Euc]ideiln ~pilce illld ~h~, n-climel~~i{)nnl re{EI Euclidef.tn ~Il~tcc. re~, r)_ecli¥'cl¥'.Then. ~vc J~rtl¥,'e 
 lhtll there e~(ist~, no proper haT'monic mLtp 11 ; f'~ f~~" _ {}" , ~¥'hi_,]h 1~LI~_ r_ -~･c'._.'ulni'it¥,' ul~, ~o ihe ideLll ho, undLlr¥. ¥¥iller~e 
,7?. n ~ ~. Fui~thermore. ~ve ~. ho~~' tht~t there e¥i~. l~ il c(~unTcr ~¥tlmple if ~ve relux 1.hc ~'~;-~lu]iirit¥' cOnditi()n ul] l() Ihe 
ideLll boundilr'~,'. ~vhich me*ans tha~ our ~~~~ull~pli()n l~,)T il7e rc{,_.'u!:.~rit~' i~ i~l~ ()r)iimiii ()ne 
n 'f r: 
~ t)H: L) ~ 
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 論文審査の結果の要旨
 リーマン多様体問の滑らかな写像で,エネルギー汎関数の極値をとるものを調和写像という。調和写
 像の例は,調和関数をはじめ,等長写像や正則写像,あるいは測地線や極小曲面など,幾何学における
 重要な研究対象を数多く含む。
 調和写像は,エネルギー汎関数のオイラー方程式として得られる2階準線形楕円型偏微分方程式系の
 解として特徴付けられる。1960年代以降,数多くの研究がコンパクトなリーマン多様体問の調和写像の
 存在に関してなされてきたが,非コンパクトなリーマン多様体間の調和写像に対しては系統的な研究は
 なされていず,大域解析学における最も重要な研究課題の一つである。
 非コンパクトかつ完備なリーマン多様体で,単連結かつ非正曲率をもつものをアダマール多様体とい
 う。本論文において著者は,アダマール多様体間の調和写像の具体的な構成方法を与え,従来の方法で
 得られなかった新しい調和写像を構成している。
 とくに,実双曲型空聞の問の調和写像の存在問題を,回転方向と動径方向に調和写像の定義方程式を
 分離することにより,ユークリッド球面の問の固有写像(eigenmap)とよばれる特別な調和写像の存在問
 題と,非線形常微分方程式の境界値問題に帰着し,それぞれの問題の解の存在を示すことにより,実双
 曲型空間の間の同変な調和写像の族を構成することに成功した。
 また,階数!の非コンパクト型対称リーマン空間の一般化としてえられるDamek-Rlcci空間とよばれる
 アダマール多様体に対して,調和写像の無限遠境界値問題を考察し,境界値に対するある種の非退化性
 の条件のもとに解の存在と一意性を証明し,!990年代初めに得られた各種の存在定理を統一的に一般化
 した。
 さらに論文の最終章においては,複素双曲型空間から実双曲型空間への固有(pr叩er)な調和写像で,
 無限遠境界においてC1級の微分可能性をもつものが存在しないことを示し,無限遠境界値問題の解の存
 在に伴う病理的現象を明らかにしている。
 これらの結果は,いずれも著者が自立して研究活動を行うに十分な高い研究能力と学識を有すること
 を示している。したがって,ヒ野慶介提出の論文は,博士(理学)の学位論文として合格と認める。
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